One of the celebrated theories in the 80's is the Floer (co)-homology. Floer first defined his cohomology in the context of symplectic geometry in an attempt to solve the Arnold conjecture. Later, he extended his cohomology to gauge theory, which he called Instanton cohomology. Even though the gauge theoretic Floer (co)-homology was an analogue of his symplectic Floer (co)-homology, it has attracted more attention during last few years and experienced a rapid development, due to the work of Donaldson, Taubes, Kronheimer, Mrowka, Stern, Finturshel, Fukaya, Austin-Braam and other gauge theorists. The development of the symplectic Floer (co)-homology was at a slower pace. Recently, partly inspired by the quantum cohomology theory, there is a surge of interest in studying multiplication structures on the symplectic Floer cohomology. It seems that those multiplications can be unified by introducing a Bott-type symplectic Floer cohomology. The main purpose of this paper is to give a brief description of the construction of the Bott-type symplectic Floer cohomology and its multiplication structures on semi-positive symplectic manifolds. The details of the proof will appear in a forthcoming paper. The gauge theoretic Bott-type Floer homology (without considering the multiplication ) has been previously established by Austin-Braam [AB] and Fukaya [Fu], based on the analysis developed by Mrowka [M]. We are partially inspired by their work. We should point out that these multiplication structures are unique for the symplectic Floer cohomology and there is no analogue in gauge theory.
The symplectic Floer cohomology was defined for a hamiltonian symplectomorphism whose fixed points are nondegenerate. A crucial step to a solution of the Arnold conjecture is to show that the Floer cohomology is the same as the ordinary cohomology. Furthermore, Floer also introduced a multiplication on the Floer cohomology, extrinsic multiplication, by the ordinary cohomology. This multiplication is very useful in the resolution of the Arnold conjecture in the case of degenerate fixed points [F] , [OV] . On the other hand, there is a natural way to define an intrinsic multiplication on the Floer cohomology by using the perturbed J-holomorphic maps from a pair-pants to the symplectic manifold. In fact, such an intrinsic multiplication has been established by Betz and Rade [BR] . It has been conjectured that all these multiplications (intrinsic and extrinsic) are the same as the quantum multiplication. For the extrinsic multiplication, a physical argument was given by Sadov [S] . In [P] , Piunikhin outlined a different approach towards the proof of the equivalence of the extrinsic multiplication and the quantum multiplication by using intersection theory. The difficulty with this approach lies in the fact that the compactification of the moduli space of trajectories has codimension 1 boundary (cf. section 2). On the other hand, the equivalence of the intrinsic multiplication and the quantum multiplication has not been addressed at all.
A hamiltonian symplectomorphism is Bott-type if and only if the fixedpoint set consists of nondegenerate submanifolds in the sense of Bott (cf. Definition 1.1). It is easy to see that identity and nondegenerate hamiltonian symplectomorphisms are Bott-type. The ordinary Floer cohomology was defined in terms of a nondegenerate hamiltonian symplectomorphism. But almost all the analysis in this case fails when we replace the nondegenerate symplectomorphism by a Bott-type symplectomorphism. Topologically, our Bott-type Floer cohomology is defined as the cohomology of a chain complex consisting of all geometric chains (cf. section 2) in the fixed-point set of the Bott-type symplectomorphism. In order to define the boundary operator on such a chain complex, we have to prove that the compactification of the moduli space of trajectories is a simplicial complex (cf. Theorem 2.1). It involves a very difficult analysis of the behavior of the moduli space of trajectories near degenerations. This analysis refines that developed in [RT] . We will show that our Bott-type Floer cohomology is actually independent of a particular Bott-type hamiltonian symplectomorphism. Our Bott-type cohomology can often be interpreted as the limit of a spectral sequence. Such a spectral sequence arises from the filtration of our chain complex. As a corollary of our Bott-type Floer cohomology theory, we prove a version of the Arnold conjecture for Bott-type hamiltonian symplectomorphisms (cf. Corollary 1.3).
Furthermore, we will construct two different multiplications on our Bott-type Floer cohomology (extrinsic and intrinsic) and prove that they are independent of a particular Bott-type hamiltonian symplectomorphism. It is easy to check that the intrinsic and extrinsic multiplications of identity are the same as the quantum multiplication. Therefore, the multiplications on the ordinary Floer homology of nondegenerate hamiltonian symplectomorphisms are the same as the quantum multiplication. In the last section, we define the quantum Massey product. The same method can be used to define various secondary operations over the Bott-type Floer cohomology (cf. section 5), generalizing Fukaya's construction [Fu1] . A famous theorem in algebraic topology states that the ordinary Massey product vanishes for Kahler manifolds. Our approach indicates that the quantum Massey product should also vanish for Kahler manifolds. Our Bott-type Floer cohomology also gives a new approach to calculating the quantum cohomology of fibration, which is a rather difficult problem in algebraic geometry. We shall leave it for the future research. During the preparation of this paper, Piunikhin, Salamon and Schwarz also announced an independent proof of the equivalence of the multiplications on the Floer cohomology and the quantum multiplication. Their approach is completely different from ours.
Statements of main theorems
Let (V, ω) be a closed symplectic manifold. Given any function H on V × S 1 , we can associate a vector field X H as follows:
We call H a periodic hamiltonian and X H a hamiltonian vector field associated to H. Let φ t (H) be the integral flow of the hamiltonian vector field X H . Then φ 1 (H) is a hamiltonian symplectomorphism. 
where the equivalence relation ∼ is the homotopic equivalence of x. The covering group ofL over L is π 2 (V ). We can define a symplectic action functional onL(V ), 
Linearizing the Hamiltonian differential equation along x(t), we obtain a path of symplectic matrices
Here the symplectomorphism φ t : V → V denotes the time-t-map of the hamiltonian flowφ t = ∇H t (φ t ). Then, A(0) = Id and A(1) is conjugate to dφ 1 (x(0)). In the Bott-type case, 1 could be the eigenvalue of A(1). In this case, we perturb the path A(t) slightly toÃ (t) such that 1 is not an eigenvalue ofÃ (1). Then, we can assign a Conley-Zehnder index forÃ (t). The Conley-Zehnder index of (x, u) is defined as the sum of the Conley-Zehnder index of pathÃ (t) and the number of 1-eigenvalues of A(1) which becomes negative in the perturbation. The Conley-Zehnder index is independent of the choice of the trivialization and the perturbations. Furthermore, it is constant on a connected component of R(H). Then, we can decompose R(H) as
where R i (H) consists of critical points in R(H) with the Conley-Zehnder index i.
The group Γ 0 = {A ∈ π 2 (V ); C 1 (V )(A) = 0} acts onL(V ) and generates (possibly) infinitely many components in R i . We denote by R 
where C is any constant. 
It is easy to check that both nondegenerate hamiltonian functions and the zero hamiltonian function are self-indexing.
We recall that the Novikov ring Λ ω is defined as follows: each a in H 2 (V, Z) induces a homomorphism, formally denoted by e 2π √ −1a , from 1φ(a) , then the Novikov ring Λ ω is the ring of the formal series of the form
such that for each c > 0, the number of nonzero λ a with ω(a) ≤ c is finite.
The following lemma can easily be proved. In fact, if the hamiltonian function H is identically zero, the spectral sequence E * * , * defined in Proposition 1.1 degenerates at E 1 * , * (cf. section 2). Lemma 1.2. As a Λ ω -module, the cohomology HF
i.e., the ordinary cohomology with the coefficient ring Λ ω .
It follows from this lemma that the Bott-type Floer cohomology HF
is the same as the ordinary cohomology with the coefficient ring Λ ω . In the nondegenerate case, this was proved by Floer by using a time independent, generic Morse funtion. His proof involved some delicate analysis on the contributions of non-trivial periodic orbits. The proof here is more direct.
Let F (H) = ∪ i F i (H) be the fixed point set of H, where F i (H) are the connected components. Clearly, F (H) is just the quotient of R(H) by the covering transformation group π 2 (V ). If X is a topological space, we use B(X) to denote the sum of the Betti numbers. With some additional work, we can prove
This can be considered as the resolution of a generalized Arnold conjecture for Bott-type hamiltonian symplectomorphisms.
Theorem 1.4. Let H be a Bott-type hamiltonian. Any α ∈ H * (V, Z) induces an natural action on HF * (V, H). Furthermore, the action is independent of H, so there is an action of H
It is not hard to see that when H is nondegenerate, the action of α is the same as that of Floer. The following is a simple observation. Lemma 1.5. When H = 0, the action of α is the same as the quantum multiplication if we consider α as an element of the quantum homology. In the next three sections, we shall describe the construction of our Bott-type Floer cohomology and the proof of Theorems 1.4, 1.6. In the last section, we define the Massey product. In fact, one can define more complicated secondary multiplications in a similar fashion.
Theorem 1.6. There is a multiplication
h : C i (V, H) ⊗ C j (V, H) → C i+j (V, H) such that δ H h(x ⊗ y) = h(δ H x ⊗ y) + (−1) i+j (x ⊗ δ H y).
Bott-type symplectic Floer cohomology
Fix a periodic compactible almost complex structure J, i.e., J = J t is a circle family of compactible almost complex structures. We can consider the gradient flow equation of a H :
where we use s to denote the time variable and t to denote the circle variable in a traditional way. Let
Analytically, there is a difference between our Bott-type case and Floer's case. Since the set of critical points is not discrete, in general we don't necessarily have a flow line from or to a critical point. In fact, it is not clear that a flow line will converge to a point in any critical manifolds at all. For example, in prior, a flow line could spiral into a critical submanifold, and its limit set would be a circle instead of a point. The flow line may also converge to a critical point at a very slow speed. The following lemma rules out this phenomenon for Bott-type hamiltonian functions. This can be proved by a standard argument in stability theory. The key point is that all critical points of H are integrable, since H is of Bott-type. The exponential decay serves as the basis for the transversality theory. It may fail for a hamiltonian H of non-Bott type. In the gauge theory, such examples had been found by Mrowka [M] .
By this lemma, we can divideM intõ
Clearly, R 1 acts onM as translations in time. Let M =M/R 1 and
By Lemma 2.1, we can define the boundary maps
For a generic J, the boundary maps ∂ i ± are smooth and transverse to each other whenever they have the same target space. Now we are ready to construct the chain complex and boundary maps.
Definition 2.3 ( [Fu]). A finite simplicial complex P is said to be an abstract geometric chain of dimension n if (1) There is a subset P reg which is an oriented manifold of dimension n with boundary ∂P reg .
(2) We put
The following theorem contains the most technical and difficult work of this paper.
Theorem 2.4. The moduli space M(i, j) admits a compactification M(i, j), which is an abstract geometric chain.
For a smooth manifold, a pair (P, f ) of an abstract geometric chain P and a continuous map f : P → X is said to be a geometric chain of X, if f is piecewise smooth and the restrictions of f to P reg and ∂P reg are smooth. 
where ∂ is the boundary map of the ordinary homology. In order to define the boundary operator, we have to extend both ∂ + and ∂ − to the Intuitively, these extensions are defined as follows: let u α be any sequence in M(i, j) , which converges to u ∞ in M(i, j)\M (i, j) . Then u ∞ is a union of u ∞,β in M(i β , j β ), where 1 ≤ β ≤ , i 1 = i, j = j, and there are finitely many pseudo-holomorphic spheres. We simply define
. One can show that these extensions are continuous with respect to the Gromov-Uhlenbeck topology on M(i, j). Now we can define a boundary map
as follows: for any
is an abstract geometric chain of dimension m + k − 1. This can be shown by taking simplicial approximations of
In general, even if C is an honest chain, ∂ k (C) could have infinitely many components involving infinitely many components of R i . We define the cochain complex
, Z) satisfying the finiteness condition described in the previous section. We define the coboundary map
as usual, i.e., δ k (α) = α∂ k . It follows from the Gromov-Uhlenbeck compactness theorem that the image of δ k satisfies the finiteness condition (1.5). Furthermore, we define ∂ 0 = (−1) n+j ∂ and δ 0 similarly. We put C 
is independent of H.
Because of this, we sometimes write HF * (V ) for HF * (V, H).
To prove Theorem 1.3, one constructs an injective map
where the restriction of (−1) n+i δ 0 to each R i is the standard coboundary operator. This map induces an injective homomorphism from HF * (V, H) into the quotient of ⊕H * (R i , Z) by π(Im(δ H )) as the modules over the Novikov rings. Therefore, we prove Theorem 1.3.
Definition 2.9. H is called self-indexing if for a generic
Clearly, if H is nondegenerate, H is self-indexing. Furthermore, H = 0 is self-indexing. When H is self-indexing, there is a filtration
By standard homological algebra theory, such a filtered chain complex (C n t (V, H), δ H ) induces a spectral sequence convergent to
, which satisfy the finiteness condition (1.5). Then, Proposition 1.1 follows from the filtration.
When H is nondegenerate in the classical sense, the corresponding spectral sequence degenerates at E 2 ; it follows from the definition that our Bott-type Floer cohomology is just the Floer cohomology in the ordinary sense. When H = 0, it is easy to check that HF * (V, 0) is the same as
, where Λ ω is the Novikov ring.
The extrinsic multiplication
In [F] , Floer defined a multiplication on the Floer cohomology by the ordinary cohomology (extrinsic multiplication). Then, he used the extrinsic multiplication to solve some cases of the Arnold conjecture where the fixed points are degenerate. We should point out that Floer did not define the extrinsic multiplication directly for degenerate hamiltonian symplectomorphisms. He only defined it for nondegenerate hamiltonian symplectomorphisms and studied its asymptotic behavior when hamiltonians function become degenerate. We now generalize Floer's construction to the Botttype case. We need to construct an action of
For this purpose, we will construct an action of generic cocycles in V on
as follows:
by e(u) = u(0, 0). Recall that modulo bubbling offs, the boundary of M(j, i) consists of broken trajectories
The evaluation map extends over such a compactification. Since the evaluation map only takes value on a component, it descends to the quotient where we divide all but one component by time translations. In other words, we can get a compactification whose boundary consists of
We denote this smaller compactification by M * (j, i). Then e extends over M * (j, i).
This can be proved by the same arguments as those in the proof of Theorem 2.4.
For any geometric chain
is an abstract geometric chain of dimension m + k. Together with map
. Using the fact that α is closed, we can show that it is a chain map, i.e., When H is nondegenerate, it follows from the definition that the extrinsic multiplication we just defined is the same as Floer's. When H = 0, it is easy to check that it is indeed the quantum multiplication if we view [α] as an element of the quantum cohomology (cf. 1.5).
Corollary 3.5. The extrinsic multiplication is equivalent to the quantum multiplication.
The intrinsic multiplication
As we mentioned before, there is another way to define a multiplication between elements of the Floer cohomology; in terms of pseudo-holomorphic maps from a pair-pants to a symplectic manifold, whose ends approach to periodic orbits. Now we generalize this construction to the Bott-type case.
Let T be a pair-pants, which has two outgoing ends T We fix a parameterization for three ends. For any compatible almost complex structure J, we consider the smooth map f : T → V such that f satisfies the equation
where j T denotes the conformal structure on T , and ν is an inhomogeneous term on T × V , i.e., ν(x, y) is a linear map from the tangent space of T at x into the tangent space of V at y satisfying ν(x, y) · j T,x = −J y · ν(x, y). Any such map f is called a (J, ν)-holomorphic map, or simply a (J, ν)-map. Let M T be the set of all (J, ν)-maps. We will assume that our ν is given by H near each end of T as follows: if x = (t, s) with |s| sufficiently large, we have By this lemma, we can divide the moduli space
transverse to each other whenever they have the same target space. Again, by the same argument, we can show that the compactification M T (k; i, j) is an abstract geometric chain. By abusing notation, we also use C t to denote the geometric chains transverse to the boundary maps of M T (k; i, j) and M(i, j). Now we are ready to define the intrinsic multiplication
. Clearly, h preserves the filtration. It is straight forward to check
Theorem 4.3. h induces a multiplication on the Bott-type Floer cohomology HF * (V, H). Such a multiplication is independent of the hamiltonian

H. We call it intrinsic multiplication and denote it by x y.
This is just Theorem 1.6. It follows from the definition that Corollary 4.4. When H = 0, the multiplication h is the same as the quantum multiplication.
The quantum Massey product
In [F] , Fukaya defined a quantum Massey product and the quantum version of various secondary operations. Recall that Fukaya defined them by using moduli space of the grading flow lines of several Morse functions. In practice, it is very difficult to calculate such a quantized Massey product. For instance, it is hard to see if such a quantum product vanishes on a compact Kähler manifold. Therefore, it would be very important to define such a quantum Massey product in a different way. In this section, we will define the quantum Massey product in terms of our Bott-type Floer cohomology. Our construction is motivated by that of Fukaya. When H is nondegenerate, it will give the Massey product for the ordinary Floer cohomology defined by Fukaya. A particular interesting case is H = 0, where the definition doesn't rely on any hamiltonian or Morse function. A famous theorem of Deligne, Griffiths, Morgan and Sullivan says that the ordinary Massey product vanishes on a compact Kähler manifold. It looks likely from our definition that the quantum Massey product is zero on a compact Kähler manifold. The quantum Massey product appeared in [BD] for some representation spaces of flat bundles over Riemann surfaces. An interesting problem is whether or not one can quantize holomorphic torsions for Käher manifolds. We leave it for future research.
Let us define the quantum Massey product. Let α, β and γ be three cocycles representing cohomology classes (α, h(β, γ) ). These two coboundaries do not necessarily coincide, but they are cobordant to each other. In order to find this cobordism, we will first introduce a homomorphism h 3 .
Let π : S → [0, 1] be a fibration such that π −1 (u) is diffeomorphic to a sphere with 4 punctures for 0 < u < 1 and the union of two S 2 's transverse to each other for u = 0, 1. We denote by p 0 and p 1 the nodes in π −1 (0) and π −1 (1). Let σ i (i = 1, · · · , 4) be four disjoint sections of the fibration satisfying:
( It is not hard to see that h 1 = δ, h 2 = h. Moreover,
where = (−1) (j−i)(degβ 1 +···+degβ i ) . Then one can define more general multiplications by using these homomorphisms h k (cf. [Fu] ).
Remark. In our basic model T k , we can also fix all the marked points. Then the resulting multiplication is just the higher quantum product by the composition law the authors proved in [RT] .
